We study the exceptional loci of birational (bimeromorphic) contractions of a hyperkähler manifold M . Such a contraction locus is the union of all minimal rational curves in a collection of cohomology classes which are orthogonal to a wall of the Kähler cone. Homology classes which can possibly be orthogonal to a wall of the Kähler cone of some deformation of M are called MBM classes. We prove that all MBM classes of type (1,1) can be represented by rational curves, called MBM curves. All MBM curves can be contracted on an appropriate birational model of M , unless b 2 (M ) 5. When b 2 (M ) > 5, this property can be used as an alternative definition of an MBM class and an MBM curve. Using the results of Bakker and Lehn, we prove that the diffeomorphism type of a contraction locus remains stable under all deformations for which these classes remains of type (1,1), unless the contracted variety has b 2 4. Moreover, these diffeomorphisms preserve the MBM curves, and induce biholomorphic maps on the contraction fibers, if they are normal.
Introduction

Teichmüller spaces in hyperkähler geometry
Let M be a complex manifold. Recall that the Teichmüller space Teich of complex structures on M is the quotient Teich := Comp / Diff 0 , where Comp is the space of complex structures (with the topology of uniform convergence of all derivatives) and Diff 0 the connected component of the diffeomorphism group. In this paper we are interested in the action of the mapping class group Diff / Diff 0 on Teich (see Section 3).
In our case M is a compact holomorphically symplectic manifold of Kähler type. 1 We assume that M has maximal holonomy (Definition 2.6; such an M is also called IHS: "irreducible holomorphic symplectic") and consider the Teichmüller space Teich of all complex structures of hyperkähler type (Subsection 3.1). By a result of D. Huybrechts, Teich has finitely many connected components, and we take the one containing the parameter point of our given complex structure; in other words we consider the Teichmüller space of all hyperkähler deformations of M . By abuse of notation, this space is also denoted Teich. The action of the mapping class group Γ (i.e. to another, more forgiving category, which has no continuous moduli, we might hope to prove that Z I form a trivial family. This is what happens in the category of stratified real analytic varieties. Real analytic manifolds do not have continuous moduli: indeed their deformations are controlled by the first cohomology of the tangent bundle, and higher cohomologies of a coherent sheaf in real analytic category are always zero ( [Car] ). However, singular real analytic varieties might have continuous moduli. The easiest way to see this is to look at configuration C of 4 real lines in RP 2 . If these lines intersect in one point, the corresponding tangent cone (which is determined intrinsically by the real analytic geometry of the pair (RP 2 , C)) is 4 lines in a vector space. The cross-ratio of these 4 lines gives a real analytic invariant of this pair.
Those phenomena are dealt with by Thom-Mather theory. This theory defines stratified diffeomorphism of real analytic varieties as a homeomorphism inducing a diffeomorphism on open strata of a stratification of a manifold by singularities. Thom and Mather proved that in this category real analytic varieties have no continuous moduli. Later, A. Parusiński proved that this diffeomorphism is a bi-Lipschitz equivalence. We shall see that the deformation of Z I and related spaces, such as the corresponding component of the Barlet space and the incidence variety, are trivial in stratified diffeomorphism and in the bi-Lipschitz category (Theorem 1.7).
Interestingly enough, the family of deformations of Z I itself is locally trivialized in the real analytic category, even when Z I are singular (Theorem 5.5, Proposition 6.1). This is related to the fact that Z I are contraction loci and follows from results of [BL] . Bakker and Lehn refer to a concept of "locally trivial deformation" introduced by Flenner and Kosarew in [FK] (see also Section 5.2). Unlike its name would suggest, a "locally trivial deformation" is not a deformation π : X −→ B which is equivalent to the product F ×U −→ U locally on B. Instead, it is a deformation which is locally trivial locally in X.
We show that a locally trivial deformation induces a trivial deformation in the real analytic category (Proposition 6.1). This is used to prove that the locally trivial family of contracted IHS manifolds constructed in [BL] is trivialized real analytically, along with the family of the contraction loci. For other related families, such as the Barlet spaces and incidence spaces associated with minimal rational curves, our techniques (that is, combining an ergodicity theorem with a result of Thom-Mather type) give bi-Lipschitz and stratified diffeomorphic trivializations.
Teichmüller spaces, MBM classes and locally trivial deformations
The Teichmüler space Teich z is a smooth, non-Hausdorff manifold, equipped with a local diffeomorphism to the corresponding period space Per z := SO + (3,b 2 −4) SO + (1,b 2 −4)×SO(2) (alternatively, this is just the orthogonal of z in the usual period space Per, seen as a subset of a quadric in the projective space PH 2 (M, C)) , which becomes one-to-one if we glue together the unseparable points. Following E. Markman [Ma1] , the set of preimages of a point in Per z (that is, the set of complex structures unseparable from a given I) is identified with the set of the Kähler chambers in the positive cone of H 1,1 (M, I) , so that each Kähler chamber can be seen as the Kähler cone of the corresponding complex structure. The classes relevant for us, those of negative square and represented by a rational curve on some (M, I) , are the so-called MBM classes (Subsection 1.3 and Section 4), i.e. such that the orthogonal complement z ⊥ contains one of the walls of these Kähler chambers (Theorem 4.4). Restricting ourselves to the Kähler chambers adjacent to the z ⊥ wall, we obtain the space Teich min ±z ⊂ Teich z . Note that both spaces are non-Hausdorff even at their general points, since there are always at least two chambers adjacent to a given wall. Once z is fixed, z ⊥ is co-oriented, and we take the set of the chambers adjacent to z ⊥ on the positive side (that is, z must be positive on the Kähler cone). This last space, separated at its general point, is denoted Teich min z ⊂ Teich z . This is precisely the space of complex structures I ∈ Teich z such that a positive multiple of z is represented by an extremal rational curve: indeed, by a result of Huybrechts and Boucksom, the Kähler cone is characterized as the set of (1, 1)-classes which are positive on all rational curves ( [H1, H2] , [Bou] ).
It follows that the boundary of the Kähler cone is a union of a "round part" and locally polyhedral walls which intersect in locally polyhedral faces of higher codimension. More generally, if F is a face of the Kähler cone of Thanks to Kawamata base-point-free theorem (Corollary 5.3), it is wellknown that if X = (M, I) is projective, the faces of the Kähler cone can be contracted: that is, there is a projective birational morphism ϕ F : X → X ′ sending a curve C to a point iff its class belongs to the subspace F ⊥ . Conversely, a projective birational contraction contracts some extremal face
Let X −→ X 1 be a birational contraction of F as above. In [BL] , Bakker and Lehn prove that any, possibly non-projective, small deformation X t of X such that all z i remain of type (1, 1) on X t contracts onto a "locally trivial" deformation of X 1 , and that all locally trivial small deformations of X 1 appear in this way 2 .
The notion of a locally trivial deformation is as introduced in the paper [FK] ; see also Subsection 5.2. It means that the total space of the family is a product near any point of X.
This result has many applications. The first application, implicit in [BL] , is the existence of bimeromorphic contractions for non-algebraic hyperkähler manifolds. Let F be a face of the Kähler cone of a projective manifold. Such a face is a subset with nonempty interiour of z ⊥ i , where z i are MBM classes, and its interior therefore contains c 1 (L) for a line bundle L (indeed z i and the form are integral, so the intersection has many integral points). Kawamata base-point-free theorem implies that L is semiample and gives a birational contraction X −→ X 1 (Corollary 5.3), contracting all curves with cohomology classes orthogonal to L. Conversely, any birational contraction defines a face of the Kähler cone. If X ′ = (M, I ′ ), I ∈ Teich F , is a non-algebraic deformation of X where all z i remain classes of extremal rational curves, it turns out that the mapping class group orbit of I is dense in Teich F . This permits to view X ′ as a small deformation of a projective manifold and Bakker-Lehn's result applies (Theorem 5.5).
Next, we use the locally trivial deformation of the contracted manifold to produce a real analytic trivialization of the universal family over Teich F preserving the corresponding contraction locus.
As the simplest examples show, the contraction loci need not be biholomorphic or bimeromorphic. Our last aim is to show that the fibers of their rational quotient fibrations do. To do this, we prove that the diffeomorphisms of contraction loci as above preserve the rational curves. This is done by establishing similar triviality results for Barlet spaces and incidence varieties, which we only get in the stratified diffeomorphism category. We use the following observation. Let E ϕ −→ B be a proper holomorphic (or even real analytic) map, and assume that B is obtained as a union of dense subsets, B = α∈I B α , such that for any index α, all fibers of ϕ over b ∈ B α are isomorphic. Then all fibers of ϕ are homeomorphic, stratified diffeomorphic and bi-Lipschitz equivalent.
This observation is based on the classical results by Thom and Mather (the bi-Lipschitz case is due to Parusiński 3 ). They proved that for any proper real analytic fibration E ϕ −→ B, there exists a stratification of B such that the restriction of ϕ to open strata is locally trivial in the category of topological spaces (or in bi-Lipschitz category). Since each B α in the decomposition B = α∈I B α intersects the open stratum, this implies that all fibers of E ϕ −→ B are homeomorphic and bi-Lipschitz equivalent. The dense subsets B α are in our case provided by the ergodicity of the mapping class group action. Unfortunately for this argument we have to exclude from consideration the complex structures with maximal Picard number, since their mapping class group orbits are closed.
We state our main results precisely in the subsection 1.4, after a brief digression on rational curves in the next subsection.
MBM loci on hyperkähler manifolds
Let C ⊂ M be a rational curve on a holomorphic symplectic manifold of dimension 2n. According to a theorem of Ran [R] , the irreducible components of the deformation space of C in M have dimension at least 2n − 2. Definition 1.1: A rational curve C in a holomorphic symplectic manifold M is called minimal if every component of its deformation space has dimension 2n − 2 at C.
The dimension of a maximal irreducible uniruled subvariety of M can take any value between n and 2n−1. Such a subvariety is always coisotropic, and applying bend-and-break lemma one sees that there is always a minimal curve through a general point of such a subvariety ([AV1] , Section 4).
The key property of a minimal curve is that such a curve deforms together with its cohomology class [C] . More precisely, any small deformation of M on which [C] is still of type (1, 1), contains a deformation of [C] ([AV1], Corollary 4.8). Taking closures in the universal family over Teich z gives a submanifold of Teich z of maximal dimension (which does not have to coincide with Teich z , as it is not Hausdorff) such that every complex structure in this submanifold carries a deformation of C; this curve, however, can degenerate to a reducible curve, and one cannot in general say much about the cohomology classes of its components (Markman's example on K3 surfaces is already enlightening, see [Ma3] , Example 5.3).
In [AV1] , we have defined and studied the MBM classes: these are classes z ∈ H 2 (M, Z) such that, up to monodromy and birational equivalence, z ⊥ contains a wall of the Kähler cone 4 . In other words, z ⊥ contains a wall of some Kähler chamber (see [Ma1] for the definition of the latter, but it amounts to say that those are monodromy transforms of Kähler cones of the birational models of M ). It is clear that the Beauville-Bogomolov square q(z) is then negative; on the other hand, one can characterize MBM classes as negative classes such that some rational multiple λz is represented by a rational curve on a deformation of M ([AV1], Theorem 5.11). For our purposes, it is convenient to extend the notion of MBM on the rational cohomology (or integral homology) classes in an obvious way.
We would like to study rational curves whose class is MBM and prove certain deformation invariance statements related to such curves. The notion of MBM class is defined up to a rational multiple, whereas by the above discussion we want to restrict to "minimal" rational curves. The most straightforward definition of minimality, cf. [AV1] , is probably "of minimal degree in the uniruled subvariety covered by its deformations"; then by bend-and-break the curve deforms within M in a family of dimension at most 2n − 2 and one deduces from this as in [R] or [AV1] that it deforms outside M together with its cohomology class. However the uniruled subvariety in question might have several irreducible components. To keep track of this we have to consider the minimality with respect to those components, hence Definition 1.1. Note that it is apriori possible (though we don't have any examples) that the same rational curve C is contained in two maximal irreducible uniruled subvarieties Z 1 and Z 2 of M , in such a way that the deformations of C lying in Z 1 form a 2n − 2-parameter family whereas those lying in Z 2 need more parameters. Such a C is, by our definition, not minimal, but its generic deformation in Z 1 is. Definition 1.2: An MBM curve is a minimal curve C such that its class [C] is MBM. Definition 1.3: Let C be an MBM curve on a hyperkähler manifold (M, I) , and B an irreducible component of its deformation space in M containing the parameter point for C. An MBM locus of C is the union of all curves parameterized by B.
As mentioned in the beginning of this subsection, the MBM loci are coisotropic subvarieties which can have any dimension between n and 2n−1, but the family of minimal rational curves in an MBM locus always has 2n−2 parameters. Definition 1.4: Let z be an MBM class in H 2 (M, Q). The full MBM locus of z is the union of all MBM curves of cohomology class proportional to z and their degenerations (in other words, the union of all MBM loci for MBM curves of cohomology class proportional to z). Similarly, if F is a codimension k face of the Kähler cone of M , orthogonal to a k-dimensional subspace N in H 2 (M, Q), we define the full MBM locus for F in the same way, allowing z to vary in N .
Remark 1.5: If the complex structure on M is in Teich min z , the full MBM locus has only finitely many irreducible components and is simply the union of all rational curves of cohomology class proportional to z, ans similarly for F . This is because (by Kawamata BPF theorem in the projective case and by Bakker and Lehn's work in general, see section 5) there exists a birational morphism contracting exactly the curves which have cohomology class in N (that is, orthogonal to F ) 5 . The number of irreducible components of an exceptional set of a contraction is finite. One knows that these are uniruled ( [K2] ) and by bend-and-break lemma one finds a minimal rational curve in each. In fact the bend-and-break lemma gives minimal curves in the fibers of rational quotient and this assures that they are contracted to points, see e.g. [BL] , Prop. 4.10, together with [AV1] , proof of Theorem 4.4. These results also show that on a holomorphic symplectic variety the fibers of a contraction map coincide with the fibers of the rational quotient of the exceptional locus, in particular the fibers of the contraction map are rationally connecteda property which is true in greater generality, but with a much more difficult proof.
Main results of this paper
We concentrate on the space Teich In Subsection 7.3 we prove the following variant of Theorem 1.6. Theorem 1.7: In the assumptions of Theorem 1.6, let B I be the Barlet space of all rational curves of cohomology class proportional to z. Then the diffeomorphism h : Z I −→ Z I ′ can be chosen to send any rational curve C ∈ B I to some rational curve h(C) ∈ B I ′ , inducing a homeomorphism from B I to B I ′ , for all complex structures I, I ′ ∈ Teich min z except possibly those with maximal Picard number. This in turn yields another version/strengthening of the theorem. Recall that a compact Kähler manifold has a so-called MRC fibration ( [Cam] , [KMM] ) whose fiber at a general point x consists of all the points which can be reached from x by a chain of rational curves. In particular, considering such a fibration on a desingularization of a component of Z I gives a rational map Q : Z I Q I . Due to the fact that Z I are contractible the map Q is actually regular and coincides with the contraction itself (cf. Section 4 of [AV1] or Proposition 4.10 of [BL] , and also Remark 1.5).
Theorem 1.8: In the assumptions of Theorem 1.6, Theorem 1.7, consider the contraction maps with exceptional loci Z I and Z ′ I , and let Q : Z I → Q I , Q ′ : Z I ′ → Q I ′ denote the restriction of the contraction maps to Z I , Z I ′ . Then the diffeomorphism h : Z I −→ Z I ′ is a bimeromorphism between the fibers of Q and Q ′ ; it is an isomorphism whenever Z I and Z I ′ are normal.
Proof: We deduce Theorem 1.8 from Theorem 1.7 as follows. By Remark 1.5, the fibers are rationally connected. Any continuous map of rationally connected varieties mapping rational curves to rational curves is automatically birational, for any connecting family of rational curves. Indeed the tangent spaces to rational curves span the holomorphic tangent space of the rationally connected variety at a general point, so that such a map sends holomorphic tangent space to the holomorphic tangent space. However, a homeomorphism between normal complex analytic spaces which is holomorphic on a dense open set is holomorphic everywhere. This result follows from a version of Riemann removable singularities theorem, see e. g. [Mag, Theorem 1.10.3] .
When the complex structure we consider is in Teich min z , the set Z defined as above is the full MBM locus of z. We also have a similar statement for MBM loci of curves, which is a straightforward consequence of Theorem 1.6 and Theorem 1.7. Theorem 1.9: Let z be an MBM class on a hyperkähler manifold, C ⊂ (M, I) an MBM curve in this class and Z C its MBM locus. Then C is deformed to an MBM curve C J ⊂ (M, J) for all J ∈ Teich min z , and the corresponding MBM locus Z C J is homeomorphic to the MBM locus Z C , except possibly if the Picard number of (M, I) or (M, J) is maximal. This homeomorphism can be chosen in such a way that all MBM deformations of C in Z C are mapped to MBM deformations of C J in Z C J . Remark 1.10: It is conceivable that two homology classes kz and lz, where k and l are positive rational numbers, would both be represented by an MBM curve in the same manifold. Of course, the corresponding MBM loci would be different. So far no such example is known.
The main theorem shall be proved in Section 6, and some variants in Subsection 7.3. Remark 1.11: One cannot affirm that the same statements hold along the whole of Teich z , and this is false already for K3 surfaces. Indeed a (−2)-curve on a K3 surface X can become reducible on a suitable deformation X ′ . What we do affirm is that in Teich z there is another point, nonseparable from the one corresponding to X ′ , such that on the corresponding K3 surface X ′′ our curve remains irreducible. In this two-dimensional case, this easily follows from the description of the decomposition into the Kähler chambers in [Ma1] ; Theorem 1.6 allows us to go further in the higher-dimensional case.
Hyperkähler manifolds 2.1 Hyperkähler and holomorphically symplectic manifolds
We recall basic results and definitions of hyperkähler and holomorphically symplectic geometry (see [Bes] and [Bea] for more details). Definition 2.1: A hyperkähler structure on a manifold M is a Riemannian structure g and a triple of complex structures I, J, K, satisfying quaternionic relations I • J = −J • I = K, such that g is Kähler for I, J, K.
Remark 2.2:
A hyperkähler (i.e. the one carrying a hyperkähler structure) manifold has three symplectic forms
Definition 2.3: A holomorphically symplectic manifold is a complex manifold equipped with nowhere degenerate holomorphic (2, 0)-form.
Remark 2.4: Hyperkähler manifolds are holomorphically symplectic. Indeed, Ω :
Theorem 2.5: (Calabi-Yau, [Yau] ; see [Bes] ) A compact, Kähler, holomorphically symplectic manifold admits a unique hyperkähler metric in any Kähler class.
For the rest of this paper, we call a compact Kähler complex manifold hyperkähler if it is holomorphically symplectic. Definition 2.6: Such a manifold M is moreover called of maximal holonomy, or simple, or IHS (irreducible holomorphically symplectic) if
Any hyperkähler manifold admits a finite covering which is a product of a torus and several simple hyperkähler manifolds ([Bo1] , [Bea] )). From now on, all hyperkähler manifolds are tacitly assumed to be of maximal holonomy.
On the second cohomology of a hyperkähler manifold there is an integral quadratic form q, called Beauville-Bogomolov-Fujiki (BBF) form. It has signature (3, b 2 − 3) and is positive definite on Ω, Ω, ω , where ω is a Kähler form. It is of topological origin and can be defined as in the theorem below.
Theorem 2.7: (Fujiki, [F] ) Let η ∈ H 2 (M ), and dim M = 2n, where M is hyperkähler. Then M η 2n = cq(η, η) n , for some primitive integer quadratic form q on H 2 (M, Z), and c > 0 a rational number.
Teichmüller spaces and global Torelli theorem
In this section, we recall the global Torelli theorem for hyperkähler manifolds, and state some of its applications. We follow [V2] and [V1] . Proof: This statement is essentially contained in [Bo2] ; see [Cat] for more details.
Teichmüller spaces and the mapping class group
Working more specifically with hyperkähler manifolds, one usually takes for Teich the Teichmüller space of all complex structures of hyperkähler type.
It is an open subset in the Teichmüller space of all complex structures by Kodaira-Spencer Kähler stability theorem [KoSp] . If M is IHS, the space Teich has finitely many connected components by a result of Huybrechts ([H3] ). We consider the subgroup Γ 0 of the mapping class group which preserves the one containing the parameter point for our chosen complex structure. Remark 3.6: From now on, to avoid heavy notations, we denote by Teich the connected component of the Teichmüller space containing the parameter point for our given complex structure, and accordingly write Γ instead of Γ 0 . 
The period map
It is called the period space of M .
Remark 3.9: One has
the grassmannian of positive planes in H 2 (M, R). Indeed, the group SO + (H 2 (M, R), q) = SO + (b 2 − 3, 3) acts transitively on Per, and SO(2) × SO + (b 2 − 3, 1) is a stabilizer of a point. From a complex line l one obtains a real oriented plane by taking its real and imaginary part (in that order).
Theorem 3.10: (Bogomolov, [Bo2] ) For any hyperkähler manifold, period map is locally a diffeomorphism. [Bou] ). It turns out that Pos(M, I) is decomposed into chambers which are Kähler cones of all hyperkähler birational models of (M, I) and their transforms by monodromy. The points of Teich nonseparable from I correspond to the chambers of this decomposition of Pos (M, I) . We shall return to this in more detail in Section 4.
Birational Teichmüller moduli space
In particular if there is no rational curve on (M, I), then the Kähler cone of (M, I) is equal to the positive cone and I is a separated point of Teich. Note that a very general hyperkähler manifold has no curves at all; the ones which contain rational curves belong to a countable union of divisors in Teich. Therefore Teich is separated "almost everywhere". Definition 3.14: Let z be a class of negative square in H 2 (M, Z). We call Teich z the part of Teich consisting of all complex structures on M where z is of type (1, 1).
The following proposition is well-known (see e. g. [AV1] ).
Proposition 3.15: Teich z = Per −1 (z ⊥ ), where z ⊥ is the set of points corresponding to lines orthogonal to z in Per ⊂ PH 2 (M, C).
On Teich z , we have a natural action of the stabilizer of z in Γ, denoted by Γ z ⊂ Γ. Indeed, the following claim is well known.
Ergodicity of the mapping class group action
Claim 3.18: Let M be a manifold, µ a Lebesgue measure, and G a group acting on M ergodically. Then the set of non-dense orbits has measure 0. be the set of all points L ∈ Per such that the orbit Γ · L is dense. Then Z := Per \ Per e has measure 0.
Proof: Let G = SO(3, b 2 − 3), H = SO(2) × SO(1, b 2 − 3). Then Γ-action on G/H is ergodic, by Moore's theorem, and Claim 3.18 applies.
In [V2] and [V2bis] , a more precise result has been established using Ratner theory. As later we shall need a straightforward generalization of this result, we recall the idea of proof as well. 1) closed orbits which are orbits of those period planes which are rational in H 2 (M, R) (equivalently, the corresponding complex structures I are of maximal Picard number, as H 1,1 (M, I) is then also a rational subspace);
2) dense orbits which are orbits of period planes containing no non-zero rational vectors;
3) "intermediate orbits": orbits of period planes containing a single rational vector v. The orbit closure then consists of all period planes containing v.
Idea of proof: Let G = SO + (3, b 2 − 3) and H = SO + (1, b 2 − 3), so that G/H is fibered in SO(2) over Per. The group H is generated by unipotents (this is why this time we take H = SO + (1, b 2 − 3) rather than H = SO(2)×SO + (1, b 2 −3), so that Ratner theory applies to the action of H on Γ\G, where Γ remains the same as above). Ratner theory describes orbit closures of this action: xH is again an orbit under a closed intermediate subgroup S, also generated by unipotents and in which Γ ∩ S is a lattice. From the study of Lie group structure on G we derive that the subgroup must be either H itself (the orbit is closed), or the whole of G (the orbit is dense), or the stabilizer of an extra vector ∼ = SO + (2, b 2 − 3) (the third case). One concludes by passing in an obvious way (via the double quotient) from an H-action on Γ\G to a Γ-action on G/H.
A useful point for us is the following observation from [V2bis] .
Proposition 3.23: In the last case, the orbit closure is a fixed point set of an antiholomorphic involution, in particular, it is not contained in any complex submanifold nor contains any positive-dimensional complex submanifold.
For our present purposes we need the following variant of Theorem 3.22.
Theorem 3.24: Assume b 2 (M ) 5 + k. Let z 1 , . . . z k ∈ H 2 (M, Z) span a negative subspace and Per z = z ⊥ i ⊂ Per be the locus of period points of complex structures where each z i is of type (1, 1). Let Γ z be the subgroup of Γ fixing all z i . Then the same conclusion as in Theorem 3.22 holds, namely an orbit of Γ z is either closed and consists of points with maximal Picard number, or dense, or the orbit closure consists of period planes containing a rational vector and in this last case it is not contained in any complex subvariety nor contains one.
Proof: It is exactly the same as the proof of Theorem 3.22 once one interprets Per z as the Grassmannian of positive 2-planes in
(where l k is the dimension of the linear span of the z i ) and replaces Γ by Γ z .
MBM curves and the Kähler cone
The notion of MBM classes was introduced in [AV1] and studied further in [AV2] . We recall the setting and some results and definitions from these papers.
First of all, the BBF form on H 1,1 (M, R) has signature (1, b 2 − 3). This means that the set {η ∈ H 1,1 (M, R) | (η, η) > 0} has two connected components. The component which contains the Kähler cone Kah(M ) is called the positive cone, denoted Pos (M ) .
The starting point is the following theorem.
Theorem 4.1: (Huybrechts [H1, H2], Boucksom [Bou])
The Kähler cone of M is the set of all η ∈ Pos(M ) such that (η, C) > 0 for all rational curves C.
Remark that it is sufficient to consider the curves of negative square (as only these have orthogonals passing through the interiour of the positive cone) and moreover extremal, i.e. such that their cohomology class cannot be decomposed as a sum of classes of other curves. An extremal curve is minimal in the sense of our Definition 1.1, though apriori the converse needs not be true.
The Kähler cone is thus locally polyhedral in the interior of the positive cone (with some round pieces in the boundary), and its walls (that is, codimension-one faces) are supported on the orthogonal complements to the extremal curves.
The notion of an extremal curve is however not adapted to the deformation-invariant context. In order to put the theory in this context we have defined the MBM (monodromy birationally minimal) classes in [AV1] . Here we recall several equivalent definitions (we refer to Section 5 of [AV1] for proofs of equivalences).
Definition 4.2:
A negative class z in the image of
is called MBM if Teich z contains no twistor curves. This is equivalent to saying that a rational multiple of z is represented by a curve in some complex structure where the Picard group is generated by z over the rationals, and also to saying that in some complex structure X = (M, I) where z is of type (1, 1), the orthogonal complement γ(z) ⊥ contains a wall of the Kähler cone of a birational model X ′ = (M, I ′ ) of X (whence the terminology). Moreover in these two equivalent definitions, "some" may be replaced by "all" without changing the content.
Remark 4.3:
In [AV1] , only faces of maximal dimension (codimensionone faces) were considered, so that "a face" was always referring to such. Speaking about contraction centers we need to consider all faces, hence we have to switch to "walls" here. In order to have a correspondence with birational contraction (see next section), we don't count rays of the boundary of the positive cone as faces. In other words, at a general point of Teich z , where the Picard group is generated by z over the rationals, Teich min ±z coincides with Teich z , whereas at special points of Teich z where we have other MBM classes as well, we remove those complex structures where e.g. z becomes a sum of two effective classes, and rational curves representing z thus cease to be extremal.
Notice that the space Teich min ±z is not separated even at its general point, since z ⊥ divides the positive cone in at least two chambers. In order to avoid working with such generically non-separated spaces we divide Teich . The full MBM locus Z is the union of all rational curves C such that [C] is proportional to z.
Proof:
We have defined the full MBM locus as the union of subvarieties swept out by minimal rational curves of cohomology class proportional to z, so clearly the full MBM locus is included in the union of all rational curves of cohomology class proportional to z. On the other hand, take any component of the latter. By bend-and-break one can find a minimal rational curve through a general point of this component (see for example [AV1] , theorem 4.4, corollary 4.6), so this is also a component of Z.
These loci are interesting since these are centers of elementary birational contractions (Mori contractions). In the projective case this is well-known and follows from Kawamata base-point-freeness theorem.
Here a line bundle L is said to be nef if c 1 (L) is in the closure of the Kähler cone, and big if the dimension of the space of global sections of its tensor powers has maximal possible growth. For the nef line bundles this last condition is equivalent to c 1 (L) dim M > 0 (that is, the maximal selfintersection number of L being positive). A semiample line bundle is a line bundle L such that L ⊗n is base point free for some n; then for n big enough the linear system of sections of L defines a projective morphism with connected fibers ϕ : M → M 0 . The bigness of L implies that ϕ is birational. Clearly, for a curve C, ϕ(C) is a point if and only if L · C = 0. Proof: The face F of the Kähler cone is a part with non-empty interiour of the orthogonal to some rational cohomogy classes (those of extremal rational curves [C 1 ], ..., [C k ]), hence it contains an integral point when M is projective. This point is the Chern class of a nef and big line bundle L. The bundle L is semiample since K M is zero, and hence defines a contraction π : M −→ M 1 . Conversely, let π : M −→ M 1 be a birational contraction and let L 1 be an ample bundle on M 1 . Then L := π * L 1 is a big and nef line bundle with c 1 (L) ∈ i [C i ] ⊥ , where C i are the extremal rational curves contracted by π (note that the contraction loci are uniruled, as one deduces for instance from [K2] , Theorem 1). Hence i [C i ] ⊥ is a non-empty face.
Non-projective case: locally trivial deformations
The notion of locally trivial deformations was developed in [FK] and applied to hyperkahler geometry in [BL] .
Definition 5.4: Let π : X −→ B be a family of complex varieties. Assume that any point x ∈ X has a neighbourhood W which is biholomorphic to a product F × U such that π F ×U is a projection to U . Then π is called a locally trivial deformation.
Let M be a hyperkähler manifold and f : M → M 1 a birational contraction which contracts curves whose classes are in the subspace N ⊂ H 2 (M, Q). Let Def(M ), Def(M 1 ) are local deformation spaces and X, X 1 the universal families. According to Namikawa [N] , there is a natural commutative diagram extending f :
The fiber of X 1 over a general point of Def(M 1 ) is smooth and the restriction of Φ to a general fiber X t of X is an isomorphism, so this diagram in itself does not carry information on contractions. An important advance has been recently made by Bakker and Lehn. Assume that F is supported on (i.e. is a part with non-empty interior of) the intersection of orthogonal complements to linearly independent MBM classes h 1 , ..., h n ∈ H 1.1 (M ) . By analogy with Teich min z , we define the space Teich F where "F survives as a face of the Kähler cone", taking appropriate orientations in order to make it separated at a general point. Namely Teich F is the part of the Teichmüller space of M such that for all I ∈ Teich F the orthogonal component h 1 , ...h n ⊥ intersects the closure of the Kähler cone of (M, I) in a face F I of the same codimension n, and all h i are positive on the Kähler classes. In other words Teich F is the intersection of Teich min h i . Proposition 3.15 easily implies that Teich F is a generically Hausdorff manifold equipped with the period map Per :
The following theorem is essentially due to Bakker and Lehn, though not stated in [BL] explicitely.
Theorem 5.6: In these assumptions, let I ∈ Teich F be a complex structure. Assume that dim C Teich F = 1, 2; this is equivalent to dim R F = 1, 2. Then there exists a birational map (M, I) −→ M 1 which contracts all curves with cohomology classes orthogonal to F and only those curves. Moreover, such a map is uniquely determined by the space h 1 , ..., h n used to defined the face F .
Remark 5.7: If (M, I) is algebraic this is true without the extra assumption on dim R F (Corollary 5.3). It would be rather suprising if it were necessary in the non-projective case but we don't know how to avoid it. The assumption in the version of Bakker and Lehn's paper available to us is b 2 (M 1 ) 4, so that dim Teich F = 2 is allowed. This seems to be a misprint as their method of proof needs Verbitsky's description of monodromy orbits, available from dimension three on.
Proof of Theorem 5.6. For any algebraic (M, I) ∈ Teich F , the face F is contractible by a morphism f : M → M 1 . By Theorem 5.5, F remains contractible on small deformations of M , say over a small open neighbourhood U ⊂ Teich F of I. Let now (M, I ′ ) be non-algebraic. At this point Bakker and Lehn use the ergodicity of the mapping class group action ( [V2, V2bis] ), as follows. Let Γ F be the subgroup of the mapping class group preserving the h i . Standard arguments imply that Γ F is a lattice in the Lie group O(W ), where ] ). Then one applies the Ratner theorem to obtain that the mapping class group orbit of any non-algebraic complex structure is dense, hence it has a representative in U ⊂ Teich F . For such representative, all relevant MBM curves can be contracted by Theorem 5.5. Ratner's theorem is applied to the Γ F action on a O(W )-homogeneous space Gr ++ (W ). To apply Ratner's theorem, the connected component H of the stabilizer of a point v ∈ Gr ++ (W ) needs to be generated by unipotents. The Lie algebra of H is so(W v ), where W v is an orthogonal complement to h 1 , ..., h n ⊂ H 2 (M, R) in W , that is, so (F ) . This Lie algebra is isomorphic to so(1, rk F − 1), and H is generated by unipotents if and only if dim R F > 2.
6 Locally trivial deformations and real analytic geometry
Any deformation of a smooth complex manifold is trivial (locally on the base) in real analytic category. This is most easy to see by constructing Ehresmann connection and integrating it to obtain a flow of diffeomorphisms between the fibers. Recall that the Ehresmann connection on a smooth family π : X −→ B is a splitting of the exact sequence
where T X/B X denotes the sheaf of vector fields tangent to the fibers. It is not hard to see that the deformation is trivialized over B if and only if it admits an Ehresmann connection. Obstructions to splitting of (6.1) lie in Ext 1 (π * T B, T X/B X) = H 1 (X, Hom(π * T B, T X/B X)). However, on a real analytic variety higher cohomology of all coherent sheaves vanishes ( [Car] ), hence this sequence splits, and one can trivialize the deformation.
For a singular family π : X −→ B, the splitting does not always extsts, even in the real analytic category (Subsection 1.1). However, "locally trivial" deformations are trivialized.
Proposition 6.1: Let π : X −→ B be a deformation of complex varieties, which is locally trivial in the sense of Definition 5.4. Then the real analytic map π R : X R −→ B R underlying π defines a family which is trivial over any sufficiently small open set U ⊂ B.
Proof: By Artin's analytification theorem ( [Ar] ), it would suffice to trivialize the family π R in a formal neighbourhoodF of F := π −1 (b), for all b ∈ B. Denote byπ :F −→B the corresponding map in the mixed formal-analytic category (the varietyF is analytic along F and formal in the transversal direction).
Locally in X, the complex family π is a product. The local-in-X trivialization of π defines aČech cocycle w ∈ H 1 (F, Aut F (F )) where Aut F (F ) ) is the group sheaf of automorphisms ofF trivial on F ⊂F and commuting with the projection to B. The sheaf Aut F (F )) can be obtained as a limit of sheaves of automorphisms of infinitesimal neighbourhood F k ⊂F of order k. Therefore, w ∈ H 1 (F, Aut(F ) ) vanishes whenever its finite order representatives w k ∈ H 1 (F, Aut F (F k )) vanish. The Lie groups Aut F (F k )) are nilpotent, and fit into exact sequences
where V k is a sheaf of abelian unipotent groups, that is, a coherent sheaf. In the corresponding exact sequence of first cohomology
all terms vanish, which can be shown by induction. Indeed, Aut F (F 1 ) is trivial because the automorphisms commute with the projection to B. On the other hand, higher cohomology of any coherent sheaf on a real analytic variety vanishes ( [Car] , Théorème 3). We obtain that the group sheaf Aut F (F k ) is filtered by normal subgroups with coherent subquotients, hence has vanishing cohomology.
In the sequel, a "vector field" on a singular variety S is understood as a section of the sheaf (Ω 1 S ) * (dual to the Kähler differentials), but we actually keep our varieties smooth in as much as possible.
Proposition 6.2: Let π : X −→ B be a deformation of complex varieties, which is locally trivial in the sense of Definition 5.4, and σ : X −→ X a resolution of singularities. Assume that any vector field on the smooth part of X can be lifted to a vector field on X. Then the family f = σ • π : X −→ B admits a real analytic Ehresmann connection such that the corresponding flow of diffeomorphisms preserves the exceptional variety Z of σ.
Proof.
Step 1: We start by showing that it suffices to prove existence of an Ehresmann connection preserving Z locally in X. An Ehresmann connection in f : X −→ B is the same as splitting of the exact sequence (6.1): obtained if we identify vector fields with derivations and take a derivation of α ∈ J Z evaluating it on Z. Clearly, a diffeomorphism associated with a vector field v preserves Z if and only if Ψ(v, ·) = 0. This gives a coherent sheaf ker Ψ denoted by T Z X ⊂ T X. This is the sheaf of vector fields preserving Z. Now, if we have found an Ehresmann connection preserving Z locally in X, the correspondingČech cocycle w takes values in
this group vanishes because cohomology of any coherent sheaf on a real analytic variety vanish ( [Car] ). Therefore, it suffices to construct the Ehresmann connection with required properties locally in X.
Step 2: Since locally in X we have X = B × F , we can assume that the family π : X −→ B is trivial, and X = B × F . This gives a natural embedding π * T B ֒→ T X. Replacing B by an open ball if necessary, we may chose a basis ζ 1 , ..., ζ n of sections in T B. The corresponding flows act on X = B × F by diffeomorphisms, hence they preserve the singular and smooth part, X sm and X sing . Lifting these vector fields to X, we obtain vector fields with diffeomorphism flows preserving Z giving a splitting of (6.2).
To apply Proposition 6.2 to holomorphic symplectic varieties, we use the following lemma. Lemma 6.3: Let σ : M −→ M 1 be a birational contraction of a holomorphic symplectic manifold. Then any vector field on the smooth part of M 1 can be extended to a vector field on M .
Proof: Both on M and the smooth part of M 1 , vector fields are identified with (reflexive) differentials by means of the symplectic form. The reflexive differentials are extended to M 1 by direct image and can then be pulled back to M by [GKKP] .
Comparing this lemma with Proposition 6.2, we obtain the real analytic Ehresmann connection preserving the exceptional sets of birational contractions: Our main Theorem 1.6 obviously follows.
Applications of Thom-Mather theory to the families of MBM loci
We shall now prove a weaker form of Theorem 1.6 for e.g. the family of Barlet spaces. In our previous paper [AV5] which the current one supersedes, this method has been applied to the initial family of MBM loci Z I ⊂ M I for which a stronger result has just been obtained using Bakker-Lehn's theorem. Our old method is based on two observations which apply in a great generality, thus permitting to obtain a weaker result for essentially any family related to the geometry of rational curves on an IHSM.
One observation is that a family can be Whitney stratified. It follows that the members are homeomorphic and stratified diffeomorphic except possibly along some proper complex analytic subvarieties. The other observation is the description of the orbits of the monodromy action on Teich min z , or more generally Teich F , which is the same as on the period space but the proofs are somewhat more technical. This description allows to send, by an element of the mapping class group, a point on such a subvariety (along which a degeneration is supposed to happen) into a small neighbourhood of a general point. As the mapping class group acts by diffeomorphisms, this proves that the degeneration actually does not happen, unless the Picard number at that point is maximal (in this case the mapping class group orbit is closed so the argument does not work).
We now make both observations more precise, restricting for simplicity of notation to the families over Teich min z (but the argument is the same over Teich F which is the intersection of several Teich min z ).
Mapping class group action on Teich min z
The group Γ z ⊂ Γ obviously acts on Teich min z . Indeed the action of any γ ∈ Γ is just the transport of the complex structure; if z ⊥ contains a wall of the Kähler cone in a complex structure I, then so does γz in the complex structure γI. Notice that the same remark applies to rational curves: γC is a rational curve in the structure γI and the minimality is preserved. So the locus Z ⊂ X = (M, I) is sent by an element of Γ z to Z γI ⊂ X ′ = (M, γI) .
It turns out that the results on the mapping class group action on Per "lift" to those on the action on Teich, but if we want to work on a subspace where z remains of type (1, 1) this has to be Teich min z rather than Teich z . The following theorem from [V2] , [V2bis] strengthens Theorem 3.22.
Theorem 7.1: Assume b 2 (M ) 5. Let Γ denote the mapping class group. Then there are three types of Γ-orbits on Teich: closed (where the period planes are rational, thus the complex structures have maximal Picard number), dense (where the period planes contain no rational vectors) and such that the closure is formed by points whose period planes contain a fixed rational vector v. In the last case, the orbit closure C v is totally real, so that no neighbourhood of a point c ∈ C v in C v is contained in a proper complex subvariety of Teich.
The proof proceeds by establishing that the period map commutes with taking orbit closures, in the following way. Introduce the space Teich K which consists of pairs (I, ω) where I ∈ Teich and ω ∈ Kah(I) is of square 1. Calabi-Yau theorem (Theorem 2.5) immediately implies that this is the Teichmüller space of pairs (complex structure, hyperkähler metric compatible with it). As shown in [AV3] , the period map is injective on the space of hyperkähler metrics; therefore, it is injective on Teich K . In other words, Teich K is naturally embedded in Per K , the homogeneous manifold of all pairs consisting of a period point I ∈ Per and an element ω of square one in its positive cone (which indeed depends only on the period point, not on the complex structure itself). The latter is a homogeneous space, so we can try to apply Ratner theory to prove the following result, which clearly implies what we need: for any I, the closure of the Γ-orbit of (I, Kah(I)) ⊂ Teich K ⊂ Per K contains the orbit of (Per I, Pos(I)) (here by an orbit of the subset we mean the union of its translates). Now one can construct orbits of one-parameter subgroups which are entirely contained in (I, Kah(I)) and such that the closure of their projection to Per K /Γ contains the projection of the positive cone. Indeed, one deduces from the non-maximality of the Picard number that Kah(I) has a "round part", for instance in the following sense: in the intersection of Kah(I) with a general 3-dimensional subspace W in H 1,1 (I), of signature (1, 2). This is used to find many horocycles in Kah(I) tangent to the round part of the boundary. The horocycle is an orbit of a one-parameter unipotent subgroup. Applying Ratner theory to a sufficiently general horocycle of this type, one sees that the closure of its image in Per K /Γ contains an entire SO(H 1,1 (I))-orbit ( [V2bis] , Proposition 3.5), which is the positive cone Pos(I).
The analogue of Theorem 7.1 in our setting is as follows.
Theorem 7.2: Assume b 2 (M ) > 5 and let z ∈ H 2 (M, Z) be an MBM class and Γ z the subgroup of the mapping class group consisting of all elements whose action on the second cohomology fixes z. Then Γ z acts on Teich min z ergodically, and there are the same three types of orbits of this action as in Theorem 7.1.
Proof: It proceeds along the same lines. We introduce the spaces Per K,z consisting of pairs {(Per(I), ω ∈ Pos(I) ∩ z ⊥ ), q(ω, ω) = 1}
and Teich K,z consisting of pairs (I ∈ Teich min z , ω) ∈ Per K,z where ω belongs to the wall of Kah(I) given by z ⊥ . We denote such a wall by Kah(I) z , though of course its elements are not Kähler forms on I, but rather semipositive limits of those. Since the complex structures in Teich min z which have the same period point are in one-to-one correspondence with the walls of the Kähler chambers in which the other MBM classes partition z ⊥ , Teich K,z again embeds naturally in Per K,z . We fix a complex structure I with nonmaximal Picard number. We need to prove that the closure of the Γ z -orbit of the subset (I, Kah(I) z ) contains the orbit of (Per(I), Pos(I) ∩ z ⊥ ). This is done exactly in the same way as in Theorem 7.1. We take a general threedimensional subspace W in z ⊥ , the intersection of W with our wall Kah(I) z contains horocycles, and we deduce from Ratner orbit closure theorem and Proposition 3.5 of [V2bis] that the closure of the projection of such a horocycle to Per K,z /Γ z is large, containing an SO(H 1,1 (I) ∩ z ⊥ )-orbit, which is the projection of Pos(I) ∩ z ⊥ . ever, there is a version of Thom-Mather theory which gives bi-Lipschitz equivalence of the fibers over open strata of , [Pa2] ). Then the same arguments as above prove that the homeomorphisms constructed in Theorem 1.7 are bi-Lipschitz.
